
878 J. GUIDANCE VOL. 14, NO. 5
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Almost all robustness properties of linear systems can be related directly to properties of the controllability
or observability Gramian. This paper shows how to assign the controllability or observability Gramian of the
closed-loop system. All Gramian controllers are also parameterized in terms of model data in a state-space
representation.

I. Introduction
ONSIDER now a linear system

x = Ax+ Dw

where x$]Rnx, w£lRnw
t and the controllability Gramian

X± eAtDWD*eA*< dt
Jo

For any W>Q it is well known that X>0 if and only if A,D
is an observable pair. For stable A, X satisfies

O = XA* + AX + DWD*

We wish to characterize the set of all X that may be assigned
to the system by any controller. Such parameterization re-
quires two steps: 1) deriving the necessary and sufficient con-
ditions for the existence of some controller to assign X, and 2)
finding the set of all controllers that assign X.

The covariance assignment problem was first defined in
Ref. 1 and solved for the state feedback case (see also Refs. 2
and 3). Subsequently, these results have been extended to the
dynamic controller of any order for continuous systems, and
all controllers that assign a specified state covariance to a
continuous-time system are derived in Ref. 4. This paper
extends the ideas of Ref. 4 to the deterministic problem of
assigning prescribed matrix values to the closed-loop control-
lability and observability Gramians.

The Gramian controllers are parameterized in terms of a
matrix having physical significance (the controllability, ob-
servability Gramians). This gives a multiobjective flavor to the
controller capability, because the n(n + l)/2 parameter values
are assigned to the closed-loop system.

Almost all robustness properties of linear systems can be
related directly to properties of the controllability or observ-
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ability Gramian (see Refs. 5 and 6). For example, the linear
system

x=(A+AA)x

with stable A remains stable for all A/4 satisfying

where K is the observability Gramian associated with the
matrix pair (A , V27). That is, K satisfies

0 = KA + A*K + 2I

Bounds6 on AA can also be written in terms of a controllability
Gramian X

2o[X(DD*)-y2]
where X is the controllability Gramian associated with the
matrix pair A, D. That is, X satisfies

+ DD*

Reference 6 demonstrates that bounds based on the control-
lability Gramian A" can provide a less conservative bound than
that based on the observability Gramian K, but not always.
Hence, there is motivation to develop a control design method
that can assign either the controllability or the observability
Gramian, since such a result would allow control designs that
guarantee a specified degree of robustness.

The Gramians are also related to the L2 norm of the system
output. For example, the stable system

x = Ax + Dw,

has the output L2 norm

where

y*Qydt = trXC*QC = teKDWD*
i

0 = KA + A *K + C*QC

0 = XA* + AX + DWD*

if w(0 is an impulse with strength f f i . Similar results are
available for the multi-input case in Ref. 2. Hence, when A" or
K is prespecified, a control design would yield a guaranteed
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cost controller in the sense that the output L2 norm to an
impulsive input would take on a prespecified value.

This paper is organized as follows. Section II discusses the
problem statement. Section III states the assignability condi-
tions, and the resulting controllers are parameterized. Section
IV provides the dual results for observability Gramian assign-
ment. Section V gives some numerical examples. Section VI
offers some conclusions.

II. Problem Statement
Consider the following problem. Given any linear system of

order nx

(I - Mp
+ MP)QP(I - Mp

+ Mp) = 0

t Bpu (la)

Z =

where xptlRnx is the state, u£]Rnu the input, w£lRn" the distur-
bances, and z£lRnz the output measurement, find all linear
controllers of order nc

xc = A<xc

u = C<xc +

<2a)

(2b)

that will stabilize the closed-loop system and assign the
Gramian value X to the system. X is partitioned as

(3)
' Y \ Xp Xpc

\ X* X \

We call this the controllability Gramian assignment problem.
By defining the matrices

where Inc denotes an nc x nc identity matrix, it is possible to
write the closed-loop system of Eqs. (1) and (2) in the form

x = (A + BGM)x (4)

Then, as is well known, the matrix X of Eq. (4) defined in Eq.
(3) satisfies

0 = X(A + BGM)* + (A + BGM)X + DWD* (5)

where

Hence, the Gramian assignment problem is to find G such that
Eq. (5) is satisfied for a specified X>Q and A + BGM is
asymptotically stable.

Definition: Let Eqs. (1-3) describe a linear dynamic sys-
tem. If there exists a set of matrices (Ac, Bc, Cc> Gc) such that
X = Xt then X is called an assignable controllability Gramian.

III. Main Results
The main results of this paper are the existence conditions

for a controller of order nc that will assign X to the closed-
loop system and the charapterization of all controllers that can
assign X to the system.

Theorem 1: A specified controllability Gramian X>Q is
assignable by some G if and only if

(6)

and either

or

(7)

(8)

(7 - LL + )(/ - M + M)X~ 1QBB + = 0 (9)

are satisfied, where + denotes the Moore-Penrose inverse, and

Qp A

±XP- XPCX-

(lOa)

(lOb)

(lOc)

(lOd)

(lOe)

(100

Proof: See Appendix A.
The conditions shown in Theorem 1 are equivalent to those

obtained in Ref . 4 because both of them are a necessary and
sufficient condition for the problem considered here. How-
ever, conditions (7-9) are considerably simpler. The notable
importance of Theorem 1 is for the representation to be given
without any singular value decomposition. Hence, it can be
said that the condition shown in the theorem is more explicit
(i.e., closed form) than the previous one. These features are
also applicable to the following theorem, which gives the
characterization of Gramian controllers.

Theorem 2: Suppose X is assignable. Then all controllers
that assign X to the system (4) are given by

G = -

+ Z-B+BZMM+ (11)

where

Q±X-l(XA*+AX + DWD*)X-l=X-lQX~l (12a)

$4 2QX(I-BB + )T+ +TT + Q[I-X(I-BB + )T + ] (12b)

or, equivalently,

G = - y2B + Q(2I-BB + )X~lM+ + l/2B + (\fr* - t)BB +

XX~1M+ +B + (I-L+L)S(I-L+L)BB+X-1M +

+ Z-B+BZMM+ (13)

where

(14)

In Eqs. (11) and (13), £is an arbitrary skew-Hermitian matrix
and Z is an arbitrary matrix of appropriate dimension.

Proof: See Appendix B.
Remark 1: Since B(Z - B +B%MM + )M = 0, the choice

of the free parameter matrix 2 does not influence output
performance of the closed-loop system, nor the system matrix
Ac of the controller, because the submatrix of
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Z - B+BZMM + corresponding to Ac is zero. These facts are
trivial in the case that both Bp and Mp are of full rank since
B+B=IandMM+ = 7.

Remark 2: The skew-Hermitian matrix § js (nx + nc) x
(nx + nc)\ however, the degree of freedom in S parameters is
less than the degree that of an 7 x 7 skew-Hermitian matrix,
where 7 = min {rank(7 - IT + ), rank(7 -L + 7,)}, as dis-
cussed in Ref. 4.

A sufficient condition for the closed-loop system (4) to be
stable is as follows.

Lemma 1: Suppose that (ApfBp) is a controllable pair and
Eq. (5) holds for some X>0. Then A + BGM is asymptoti-
cally stable for any given G in Eq. (11) or (13) if matrices

are satisfied, where

\AP-\I Dp~\
L Mp O j

Bc]

(15)

(16)

both have full row rank for all X on yVaxis.
Proof: See Appendix C.
This lemma is more general than that given in Ref. 4. By

setting nc = 0, we can readily specialize Theorems 1 and 2 to
the case of static controllers. In this case, A ^Ap, B ~+Bp,
D-*DP, M^Mp, G—Gc, x-~xp and matrices Ac, Bc, Mc, and
Inc vanish. Especially, putting M = Mp = / implies
M+ =M/ = 7 and L =L+ = 0, leading to the following
result for the case of state feedback.

Corollary to Theorems 1 and 2: The state controllability
Gramian Xp>0 is assignable to the system (4) by a state
feedback controller if and only if

(17)

and the set of all state feedback gains G that assign Xp to the
system (4) is given by

(18)

where § is an arbitrary skew-Hermitian matrix and Z is an
arbitrary matrix.

IV. Observability Gramian Assignment
The following gives the corresponding theory for the assign-

ment of the observability Gramian. The proofs follow in a
straightforward way by substituting the dual for system (Ap>
Bpf Mp) Xp).

Theorem 3: Let the pair (AptMp) be observable. There
exists a G such that

0 = K(A + BGM) + (A + BGM)*K + M*M

for some specified # > 0

o -*^n<

(19)

if and only if

- Mp
+Mp) = 0

and either

flfl +K~1R(I - M + M)(7 - r,? TA:) = 0

or
hAf = 0

(20)

(21)

(22)

(23)

Rp "A K-

Kp±Kp- KPCKC~ 1K;C

TK ±BB

R ±K

The set of all G is given by

(24a)

(24b)

(24c)

(24d)

(24e)

(24f)

G = - V2

+ V2B

7 )BB +KM

-B + BZMM+

where

(25)

(26a)

(26b)

or, equivalently,

G = -V2B +

Z-B+BZMM+ (27)

where

[7 - Lf (I- j LK (28)

where § is an arbitrary skew-Hermitian matrix and Z is an
arbitrary matrix of approximate dimension.

We conclude from these results that a specified #>0 is
assignable as an observability Gramian to the closed-loop
system if and only if the conditions (20-21), and either (22) or
(23), are satisfied.

From this theorem, we can immediately get the following
corollary for the state feedback case.

Corollary of Theorem 3: Suppose that the pair (AP,MP) is
observable. A specified Kp >0 can be assigned as the observ-
ability Gramian of the closed system by a state feedback
controller if and only if

(29)

All state feedback gains for Gramian assignment are parame-
terized by

+ )KP + B+SB.B+K,

(I-B+BP)Z (30)
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V. Examples
Example 1: Consider the pitch motion of a rigid space-

craft

where kn, k22 and kc are positive and kb <k\k22 for positive
definiteness and the remaining freedom is characterized by

JO = w, •ra (kck22 - 2kakbkn (kck22 - k$) - = 0

7 = 1

If the disturbance w represents an error in computing angular
rate, the state-space model is given by

(31)Mp = [1 0]

The assignable controllability Gramian (for a first-order con-
troller) may be written as

VI. Conclusions
All controllers of any specified order are parameterized;

they assign specified values to the controllability or observ-
ability Gramian. These parameterizations are given in closed
form; that is, they are explicit in terms of model data in a
state-space representation.

Appendix A: Proof of Theorem 1
We need the singular value decomposition (SVD) of some

matrices to give this proof. By defining the SVD of Bp as

= [Ubl Ub2]
[ft ol r^
LO oj K

X = X\2 X22

XQ Xb

_\xp JfJ
~" Y* Y

we can get the SVD of B as follows

B = O /

The assignability condition (6) in Theorem 1 gives x\2 = -
and condition (7) gives

f
L 0 In 0

E6 0 0
0 Inc 0
0 0 0

2 xc

Condition (8) is necessarily satisfied because

oi r^
oj [v

r =
n*n

0 [
Xa

"o
ioo], / -rr+ =

= UB\l<BVm

1 Similarly, define the SVD of Mp as
1 I~E_ oi r V' 1\f rjr jj -\ \ ~'n ~ \ \ ' mi \MD = [Umi Um2\ \ ^ ^ \ \ wr* \

which yields (/ -
values *n andxff.

BB + )(/ - T-+T) = 0 independently of the L u uj L ^m2j
Hence, all assignable controllability Grami- .and we can writeans are given as

X-

where, from cond

X\\ — /2 XQ

= -1/2 x22 xb (>0
XQ Xb Xc

ition (7),

M=K ,°i> L o /J
[uml o t/m2]
L o inc o J

"Sm 0 0"
o /„, o
0 0 0

Vml o"
o /„,

K* 0

+ Xc = 0

or
c- oi FVL.I
0 Oj L^J

2*0X11X22 ~ = 0

Example 2: For the same system (31), consider assigning
the observability Gramian,

For convenience, we shall use the following matrices from
now on.

A2 4 / - BB

Kpc
k\\ k\2 ka

kn k22 kb
KQ Kjj KQ

From condition (20) in Theorem 3, we get kn = 0, and from
condition (21) we get (kck22 - kb)2 + 2kakbkc detATp = 0. In this
case, condition (22) is always satisfied, and the assignable
observability Gramian is given as

kn 0 ka

0 k22 kb

KQ Kb KC

The proof starts from showing the following lemma:
Lemma Al: A specified X > 0 is assignable if and only if

(/ - BpB* )QP(I - BpB^ ) = 0 (Al)

(7-M/Mp)ep(/-M/Mp) = 0 , (A2)

and there exists an Sn( = - S^) and an Su( = - S^) such that
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where
612 4 UBIQU^ 621 i V YM\

Proo/ of Lemma Al: A given A" > 0 is assignable if there
exists a G satisfying Eq. (5), that is,

(BGMX)T + (BGMX) + Q = 0

which requires G to satisfy
= - Vi(Q + S), S = - S* (A4)

for some skew-Hermitian matrix 5. Equation (A4) has a solu-
tion GMX at least. This gives a necessary condition such that

(7 - BB + )(Q + S) = 0 (A5)

Similarly, since Eq. (A4) has a solution BG, we get another
necessary condition such that

(Q + S)X ~ l(K - M + M) = 0 (A6)

By multiplying UB from the left and UB from the right, Eq.
(A5) becomes

O Ol [Qn + Sn
O IJ [621 + ^21

Q12 + S12

622 +

where Qij±UBiQUBj and Sij±UBiSUBj (i = 1,2; j = 1,2).
Since Q22 = Q22, Q22 + 522 = 0 means Q22 = 0, that is,

UB(I -BB+ )UBUBQUBUB(I -BB+)UB=0

This is just equivalent to

/-*,*/ 0] f Qp ApX^ll-B^ 0]
o oj [X*PCA; o J L o oj

which yields Eq. (Al). Q2l + S2i = 0 with Q22 = S22 = 0 gives
the form of S as follows.

(A7)

In a similar way, from Eq. (A6), we get Eq. (A2) and the
form for S to satisfy as follows.

o
" &i 0

n = - Sn

which is the same as in Eq. (A7). This fact gives the third
condition.

To prove sufficiency, suppose that Eqs. (A5) and (A6) are
simultaneously satisfied for some S( = - S*). Then identify

(7 - BB + )(Q + S)X ~ l(

- (Q + S)X~l(I -
holds and this is equivalent to

BB + (Q + S)X~ 1

= 0

- (7 - BB

= Q + S

S)

which is no other than the condition for solvability of Eq.
(A4). (QED)

From now on we prove that the condition (A3) in Lemma
Al can be equivalently exchanged for condition (8) or (9) in
Theorem 1.

Equation (A3) can be rewritten as

(A8)

= - S*Q)

where

which can be derived by using the relation Q22 = U^QU^ = 0
and g22= V*mX-lQX-lVm = Q. It should be noted that
V2X~ 1SQA2 = 0. By premultiplying UB and postmultiplying
UB to Eq. (A8), we get

O o
7 0
7 0
0 7

where

X =

= U*BSQUB

Sn 0
0 -5;

0 0

(A9)

Equation (A9) has a skew-Hermitian solution S and all of the
solutions are represented by

+ Z-

VL! 0

0 7

(1/V2)7 (- 1/V2)7 0
(1/V2)7 (1/V2)7 0

0 0 7

(1/V2)7 (1/V2)7 0"
(- 1/V2)7 (1/V2)7 0

0 0 7
(A10)

where Z is an arbitrary skew-Hermitian matrix and Z2 is also
an arbitrary skew-Hermitian matrix such that the l-2th, l-3th,
3-2th and 3-3th blocks corresponding to the portion of § are
zero matrices. This requires the following restriction to Z12,
Z22, and Z23:

\I 0 01
LO 0 7j

{right side of Eq. (A10)}
0 0
7 0
0 7

which can be written down as

[V27 -7 0]Z
0 0
7 0
0 7
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/ ol.
o iY

0 0
/ 0
0 /

Hence, we can find some § satisfying Eq. (A9) if and only if
there exists some skew-Hermitian matrix Sz such that both
Eqs. (A15) and (A17) or, equivalently,

X V , = SQUB2 (A18)
(A12)

where Z is a skew-Hermitian matrix such as

holds. Then, the § is given from Eqs. (A10), (A14), and (A16)
as

z =

=

X

0
( - 1/V2)Z; V:

0

(1/V2)
.(Zi - z;

Zi
+ Z;

(-1/V2)Z3*

0
i) d/V2)Z3

0

S~ =
UBl(SQ - X V iSz V iX) UBl 0 0

0 V^SzVw 0
0 0 0

(A19)

I "" The solvability of Eq. (A 18), which is equivalent to condi-
7 0 0

(1/V2)7 (1/V2)7 0
0 0

~7 (1/V2)7 0"
0 (1/V2)7 0
0 0 7

i

0

0

Z! 0

\ Z2 Z3
7* n— Zi3 U

tion (8) in Theorem 1, is provided in the following Lemma.
Lemma A2: The linear equation (A 18) has a skew-Hermi-

tian solution Sz 1) if and only if

V \X - l Q A2(7 - T + T) = 0 (A20)

in which case a general skew-Hermitian solution is

**£,

Only for convenience, we now put

*•*[: o Z
"7 o"
0 0
0 7

+

V X~1S A T + +(T + )*ASoX-lV

(r+)*A25QA2r+ + v2zsr+ -(v2z5r+)*
(7-rr+)S(7-rr+) (A21)

( - - Z*)v 1 ' where Z5 is an arbitrary matrix and Sy is an arbitrary skew-
Hermitian matrix, or, equivalently, 2) if and only if

and rewrite Eq. (A 12) equivalently as

(7 - LL +)V2X - 1Q^ = 0 (A22)

in which case a general skew-Hermitian solution is

5Z= ViAr-1(5Q + A15LA1)^-1Vi + 55- V^Vi (A23a)
(A13)

It can be seen by modifying the results in Ref. 6 that Eq. (A13)
has a skew-Hermitian solution Zi + S\ and the general solu-
tions are given as

which yields

(-1/V2)Z3*
(1/V2)Z31

0 J

+ (L +)*V2X~ 1SQX- l V2L + + A2ZoL + - (A2Z(>L +)*

+ (7 - LL + )S0(7 - LL + ) (A23b)

where Ss and S0 are arbitrary skew-Hermitian matrices, and Z0
is an arbitrary matrix.

Proof of Lemma A2: We first prove part 1. Premultiply-
ing Eq. (A 18) by a nonsingular matrix V^X ~ l gives

(A14)

where Sz is an arbitrary skew-Hermitian matrix such that

, = I/iScI/K (A15)

^SZ V ,XU^\ = I" V*mX ~ »SQt/
0 J [v^X-^QU

in which the second equation is always satisfied and the first
one can be rewritten as

from the reason why the 2-2th block of the right side must be
zero. By substituting the value of [^(Zj - Z\ + Z2) (1/V2)Z3]
in Eq. (A14) into Eq. (All), we get

V*mSz V MO UB2] = V*mX - >

Postmultiplying by a nonsingular matrix UB , we get

(A24)

V2[Z10]= -U*m

(A16)

which requires that Sz also must make the l-2th block of the
right side of Eq. (A 16) zero, that is,

UB]X V , = UBISQUB2 (All)

which is equivalent to Eq. (A 18). A necessary condition for
this equation to have a solution is

(A25)

which yields Eq. (A20) by substituting SQ defined in Eq. (A8).
To give a general skew-Hermitian solution to Eq. (A24), we

first observe that the following skew-Hermitian matrix S|
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satisfies Eq. (A24) being a special solution subject to Eq.
(A25):

(A26)

in which the identity A2SCA2 = A2XV\X~ 1SQA2 can help to
see. Now we may consider a solution to a homogeneous equa-
tion

VMI = 0 (A27)

To be consistent, Eq. (A27) requires that SZT should be of the
form

(A28)

where ZH is an arbitrary matrix. Moreover, in order that this
equation has a skew-Hermitian solution Sz, the matrix ZH

must satisfy V2Z"(7 - T + T) = 0 and r* V2Z"( = F*Sf T) is
skew-Hermitian. Therefore, ZH should be given as

ZH = ZQ- v2z0(/-r+r)
with an arbitrary matrix Z0 and then a general skew-Hermitian
solution Sz to Eq. (A28) is

+ - (v2z0r+r - rr+) (A29)

where 50 is an arbitrary skew-Hermitian matrix, which can be
derived by referring the results in Ref. 7. Hence, a general
skew-Hermitian solution Sz to Eq. (A 18) is given as
Sz = SJ + Sg with Sf in Eq. (A26) and Sf in Eq. (A29).

Next, we show the proof of part 2. The matrix ViSz Vi
satisfying Eq. (A 18) should be represented as

V iSz V i = X - l(SQ + (A30)

where SL is an appropriate skew-Hermitian matrix such that
Eq. (A30) has a skew-Hermitian solution Sz, which requires

or, equivalently,

(A31)

(A32)

which can be derived by premultiplying both sides of Eq.
(A31) by V*M. A necessary condition for Eq. (A31) to have a
skew-Hermitian solution SL is described in

because V2X~1SQ^\ = V2X~lSQt which is equivalent to
condition (A22). Under this condition, a general skew-Hermi-
tian solution SL to Eq. (A31) can be derived in a similar way
to the case of Eq. (A24), as

SL= -

- (L + ZoA2)* + (/ - L +L)S0(/ - L + L)

where Z0 and So are matrices denoted in Lemma A2. And then
the solution Sz to Eq. (A18) can be immediately given in Eq.
(A23). (QED)

Appendix B: Proof of Theorem 2
Recall Eq. (A4) and suppose that every condition in Theo-

rem 1 is satisfied. Then Eq. (A4) with Q22 = S22 = 0,
Q2l + 521 = o, and Sn in Eq. (A19) becomes

BGMX = -

(Bl)

In the case of Sz given in Eq. (A21) of Lemma Al,

i = V1[-2QArA2r+ +QIT+ +2(r +

rr + x (B2)
since

and

(r + )*A2se A2r + = (r + )* A2(e* - l v ,x - x v {

By substituting Eq. (B2) into Eq. (Bl), we have

BGMX= -

1Q)A2r

to which a general solution can be given immediately as Eq.
(11) in the theorem with § = l/2Ss.

A controller gain G in Eq. (13) can be derived in the similar
way by using 5Z in Eq. (A23) of Lemma Al.

Appendix C: Proof of Lemma 1
The controllability of the pair (A + BGM,D) means

+ BGM -si

which can be rewritten as

+ BGM -si D] = nx

+ BGM -si D] =

- J (Cl)

(C2)

where C denotes the set of all complex numbers and / denotes
they'd) axis. We will first show that Eq. (Cl) is always satisfied
when Eq. (5) holds. If there exists an 50€C - / such that Eq.
(Cl) is not valid, then we can choose a vector jc( ̂  0) corre-
sponding to s0 satisfying

x\A + BGM) = SoX\ x*D = 0

Then, from Eq. (5) we get

0 = x*X(A + BGM)*x + x\A + BGM)Xx + x*DWD*x

= 2Re(s0)x*Xx

which requires Re(50) = 0 because X>Q. This is the contradic-
tion. Therefore, only condition (C2) is required for the con-
trollability of the pair (A + BGM,D).
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By expanding Eq. (C2) as

A slnx BPCC Dp~\
Ac-slnc O j

JX BPGC BPCC 1
= rank x

 A , \L O Bc Ac-Inc\

Ap - slnc 0 Dp

Mp 0 0
. 0 /„, 0

(C3)
we can see from Sylvester's formula on matrix rank that

rank r"* Bp°c BpCc \=nx + ncr vs€/ (C4)LO Bc Ac-slnc\
and

rank
Ap - slnx 0 Dp

Mp 0 0
0 7,c 0

(C5)

are sufficient conditions for Eq. (C2) to be satisfied. Equa-
tions (C4) and (C5) readily yield the conditions for Eqs. (15)
and (16).
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