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Almost all robustness properties of linear systems can be related directly to properties of the controllability
or observability Gramian. This paper shows how to assign the controllability or observability Gramian of the
closed-loop system. All Gramian controllers are also parameterized in terms of model data in a state-space

representation.

1. Introduction
C ONSIDER now a linear system

X =Ax + Dw

where x€IR™, welR™, and the controllability Gramian

X2 S e'DWD*e4™ dt
0

For any W >0 it is well known that X >0 if and only if 4,D
is an observable pair. For stable A, X satisfies

O =XA*+ AX + DWD*

We wish to characterize the set of all X that may be assigned
to the system by any controller. Such parameterization re-
quires two steps: 1) deriving the necessary and sufficient con-
ditions for the existence of some controller to assign X, and 2)
finding the set of all controllers that assign X. ;

The covariance assignment problem was first defined in
Ref. 1 and solved for the state feedback case (see also Refs. 2
and 3). Subsequently, these results have been extended to the
dynamic controller of any order for continuous systems, and
all controllers that assign a specified state covariance to a
continuous-time system are derived in Ref. 4. This paper
extends the ideas of Ref. 4 to the deterministic problem of
assigning prescribed matrix values to the closed-loop control-
lability and observability Gramians.

The Gramian controllers are parameterized in terms of a
matrix having physical significance (the controllability, ob-
servability Gramians). This gives a multiobjective flavor to the
controller capability, because the n(n + 1)/2 parameter values
are assigned to the closed-loop system.

Almost all robustness properties of linear systems can be
related directly to properties of the controllability or observ-
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ability Gramian (see Refs. 5 and 6). For example, the linear
system
X=(A4 +AA)x

with stable 4 remains stable for all AA4 satisfying
6ladl<@KD) !

where K is the observability Gramian associated with the
matrix pair (4, V2I). That is, K satisfies

0=KA + A*K +2I

Bounds® on AA can also be written in terms of a controllability
Gramian X

o(DD*)*

- AA <l
SAd]< X @D" -7

where X is the controllability Gramian associated with the
matrix pair A, D. That is, X satisfies

0=XA*+AX + DD*

Reference 6 demonstrates that bounds based on the control-
lability Gramian X can provide a less conservative bound than
that based on the observability Gramian K, but not always.
Hence, there is motivation to develop a control design method
that can assign either the controliability or the observability
Gramian, since such a result would allow control designs that
guarantee a specified degree of robustness.

The Gramians are also related to the L, norm of the system
output. For example, the stable system

* = Ax + Dw, y=Cx, weR!

has the output L, norm

S y*Qydt = trXC*QC = ttKDWD*
0

where
0=KA + A*K + C*QC
0=XA*+ AX + DWD*
if w(¢) is an impulse with strength VW. Similar results are

available for the multi-input case in Ref. 2. Hence, when X or
K is prespecified, a control design would yield a guaranteed
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cost controller in the sense that the output L, norm to an
impulsive input would take on a prespecified value.

This paper is organized as follows. Section II discusses the
problem statement. Section III states the assignability condi-
tions, and the resulting controllers are parameterized. Section
IV provides the dual results for observability Gramian assign-
ment. Section V gives some numerical examples. Section VI
offers some conclusions.

II. Problem Statement

Consider the following problem. Given any linear system of
order n,

Xp = ApXp + Bpu + Dpyw (1a)
z = Mpx, (1b)

where x,€R"™ is the state, #€R ™ the input, weR " the distur-
bances, and z€R™ the output measurement, find all linear
controllers of order 7,

X, =Ax: + Bz (2a)

u=Cx.+Gz (2b)

that will stabilize the closed-loop system and assign the
Gramian value X to the system. X is partitioned as

[x X
x-[ ¥

We call this the controllability Gramian assignment problem.
By defining the matrices

Aé[/z)" g], Bé[%’ Io], Mé[Aol" I”]
ne e

G. C D

Gal| ° Da"?

[Bc Ac] —[0]

where I, denotes an n. X n. identity matrix, it is possible to
write the closed-loop system of Egs. (1) and (2) in the form

x=(A + BGM)x + Dw 4

Then, as is well known, the matrix X of Eq. (4) defined in Eq.
(3) satisfies

0=X(A + BGM)* + (A + BGM)X + DWD* 5)
where
W>0

Hence, the Gramian assignment problem is to find G such that
Eq. (5) is satisfied for a specified X >0 and 4 + BGM is
asymptotically stable.

Definition: Let Eqgs. (1-3) describe a linear dynamic sys-
tem. If there exists a set of matrices (4., B., C., G.) such that
X = X, then X is called an assignable controllability Gramian.

III. Main Results

The main results of this paper are the existence conditions
for a controller of order n, that will assign X to the closed-
loop system and the characterization of all controllers that can
assign X to the system.

Theorem 1: A specified controllability Gramian X >0 is
assignable by some G if and only if

(I - B,B,")Q,(I - B,B," ) =0 ©®
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( - M; M)Q,(I — M M,) =0 %)
and either
M+*MX-'QU -BB*)I -T*T)=0 ®)
or
(- LL*YI-M*M)X~'QBB* =0 ©

are satisfied, where * denotes the Moore-Penrose inverse, and

0,4 X,A, + ApX, + D,WD, (102)
0, A X; (XA, + AX, + D,WD) X, ! (10b)
Xp 2 X, ~ XpeX.” ' X (>0) (10c)
TAM+*MX( - BB*) (10d)
LA(JI-M*+*M)X-'BB+ (10e)
QA XA* + AX + DWD* aop

Proof: See Appendix A.

The conditions shown in Theorem 1 are equivalent to those
obtained in Ref. 4 because both of them are a necessary and
sufficient condition for the problem considered here. How-
ever, conditions (7-9) are considerably simpler. The notable
importance of Theorem 1 is for the representation to be given
without any singular value decomposition. Hence, it can be
said that the condition shown in the theorem is more explicit
(i.e., closed form) than the previous one. These features are
also applicable to the following theorem, which gives the
characterization of Gramian controllers.

Theorem 2: Suppose X is assignable. Then all controllers
that assign X to the system (4) are given by

G=~-WB*XQI-M*M)QM* + 2B+ XM+ M(d*
—®M* +B*XM*M(I ~TT+*)S(U ~TT* M+
+Z ~B*BZMM* an
where
QLX"(XA"+AX +DWD)X " '=X"'QX~' (12a)
®2420X(I-BB*)I'* +TT*QII - X(I - BB*)['*] (12b)
or, equivalently,
G=-%B*QQI-BB*)X 'M* + AB*(' —y)BB"
XxX-M*+B*(I-L*L)SJ—-L*L)BB*X M+
+Z -B*BZMM+ 13)
where
VALY(I-M*M)X-1Q
+[I-L*(I~-M*M)X " '1QL+*L (14)
In Egs. (11) and (13), $ is an arbitrary skew-Hermitian matrix
and Z is an arbitrary matrix of appropriate dimension.
Proof: See Appendix B.
Remark I: Since B(Z — B*BZMM *)M = 0, the choice
of the free parameter matrix Z does not influence output

performance of the closed-loop system, nor the system matrix
A, of the controller, because the submatrix of
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Z — B+*BZMM + corresponding to A, is zero. These facts are
trivial in the case that both B, and M, are of full rank since
B*B=Iland MM+ =1.

Remark 2: The skew-Hermitian matrix § s (my +nc) x
(n, + n.); however, the degree of freedom in S parameters is
less than the degree that of an y X v skew-Hermitian matrix,
where ¥ =min (rank(/ —I'T'*), rank({ — L *L)}, as dis-
cussed in Ref. 4.

A sufficient condition for the closed-loop system (4) to be

stable is as follows. . .
Lemma I: Suppose that (A,,B,) is a controllable pair and

Eq. (5) holds for some X >0. Then A + BGM is asymptoti-
cally stable for any given G in Eq. (11) or (13) if matrices

[A,, -\ D,,] (15)
M, 0
[Ac - N B.] ' (16)

both have full row rank for all N on jw axis.

Proof: See Appendix C.

This lemma is more general than that given in Ref. 4. By
setting n, = 0, we can readily specialize Theorems 1 and 2 to
the case of static controllers. In this case, A —~A, B-B,
D—-D,, M—M,, G—G, x—x, and matrices A, B, M, and
I, vanish. Especially, putting M =M, =1 implies
M* =M =Iand L =L* =0, leading to the following
result for the case of state feedback.

Corollary to Theorems 1 and 2: The state controllability
Gramian X, >0 is assignable to the system (4) by a state
feedback controller if and only if

T - B,B," )Q,(I -~ B,B;') =0 an

and the set of all state feedback gains G that assign X, to the
system (4) is given by

G =G, = - B, Q,I — BB, )X, '
+B,}'SB,B; X, ' + (I - B, B,)Z (18)

where S is an arbitrary skew-Hermitian matrix and Z is an
arbitrary matrix.

IV. Observability Gramian Assignment
The following gives the corresponding theory for the assign-
ment of the observability Gramian. The proofs follow in a
straightforward way by substituting the dual for system (A4,,
B,, M,, X,).
Theorem 3: Let the pair (A, M,) be observable. There
exists a G such that

0=K(A + BGM) + (A + BGM)'K + M*M (19

for some specified K >0

e[ %)
if and only if
( - M} M))R,( - M;* M) =0 (20)
( - BB, )R,(I -B,B;})=0 1)
and either
BB*K-'RU-M+*MYI -Ti{Tx)=0 (22)
or
(U—LyLE Y ~BB*)K"'RM*M =0 (23)
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are satisfied, where

R,A KA, + AK, + MM, (24a)
R,AK, '(KpAp + A K, + MoMo)K, ! (24b)
K, 2K, — KK 'K (>0) (24c)
TxABB+*K(UI ~M*M) (24d)
LyAU~BB*)K-'M*M (24¢)

RAKA +A'K + M'M (249

The set of all G is given by

G=—-%B*RQI-BB*)KM+*
+ %B*(®x — ®x)BB+*KM*
+B*(I —TxIg)SU ~TxTE)BB*KM *
+Z -B*BZMM* 25)
where
RAK'RK! (26a)
&y A 2RK(I - M*MI'E
+TxTgRI - K(I -M*M)I'f] (26b)
or, equivalently,

G=-W“B+*K-'QI-M*M)RM+*

+ WB*K M M@y —yx)M~

+B*K"M+*M( - L L)SU —Lg LM~

+Z—-B*BZMM+ Q@7
where

YxA 2L (I - BB+)K 'R

+I—Lg(I-BB*)X " 'IRL{ Lg (28)
where S is an arbitrary skew-Hermitian matrix and Z is an
arbitrary matrix of approximate dimension.

We conclude from these results that a specified X >0 is
assignable as an observability Gramian to the closed-loop
system if and only if the conditions (20-21), and either (22) or
(23), are satisfied.

From this theorem, we can immediately get the following
corollary for the state feedback case.

Corollary of Theorem 3: Suppose that the pair (4,,M,) is
observable. A specified K, >0 can be assigned as the observ-

ability Gramian of the closed system by a state feedback
controller if and only if

( - B,B;" )R,(I - B,B;" )=0 (29)

All state feedback gains for Gramian assignment are parame-
terized by

1,
G = - 3B, R, - B,B," )X, + B," SB,B,' K,

+U-B,B,)Z (30)
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V. Examples
Example 1: Consider the pitch motion of a rigid space-

Craft
x,, =
0

Z, =10, J=1

Jb =u,

If the disturbance w represents an error in computing angular
rate, the state-space model is given by

P R LR

M, =[10] (31
The assignable controllability Gramian (for a first-order con-
troller) may be written as

Xn X2 X
X= X2 Xn X| = Xf Koe
X, Xe

Xe Xp X

The assignability condition (6) in Theorem 1 gives x;, = — %2
and condition (7) gives
1
L XeXo _
2 x

0= —2detX,

Condition (8) is necessarily satisfied because

X1 0
=10 1|[100], I-IT* = 1
X, 1

which yields (/ — BB +)(I — T *T') = 0 independently of the
values x;; and x,. Hence, all assignable controllability Grami-
ans are given as

X1 - x
X=|-0 Xn Xp| (>0)
Xa Xp X

where, from condition (7),
2Xxp + X, =0
or
2x X1 — 2XpX1y — 2XgXp — XgXp = 0

Example 2: For the same system (31), consider assigning
the observability Gramian,

kn ki k
- ku k12 ka ] [K,, K,
12 K2 Kp K. K.

k., ky k.

From condition (20) in Theorem 3, we get k;; = 0, and from
condition (21) we get (kkz ~ kp)? + 2k kpk. detK, = 0. In this
case, condition (22) is always satisfied, and the assignable
observability Gramian is given as

kll 0 ka
K= 0 k22 kb
ko kp k.
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where ki, ky and & are positive and k} <kiky, for positive
definiteness and the remaining freedom is characterized by

(kekny — K2V + 2kakpkyy (Kokny — K2) = 2k3kpk,, = 0

VI. Conclusions

All controllers of any specified order are parameterized;
they assign specified values to the controllability or observ-
ability Gramian. These parameterizations are given in closed
form; that is, they are explicit in terms of model data in a
state-space representation.

Appendix A: Proof of Theorem 1

We need the singular value decomposition (SVD) of some
matrices to give this proof. By defining the SVD of B, as

B — Wy U |® o] [V
D = b1 b2 0 0 VZ

we can get the SVD of B as follows

g | o]
0 I,

L, 0 O |V;m O
—[U”‘ 0 U”z] ob I, 0 (;)1 I
- I 0 ne . ne
0 L 0 0 ol |V, O
Lz 0] | vy
AlUsn U .
=1 Blr 32][0 0] [Vsz
=UBIEBV;l

Similarly, define the SVD of M, as

L. O| [ Vi
M, = U, .
P [Uml m2] [ 0 0] I:sz

and we can write

M, 0
M=|"7
" 7]

L. 0 O] [V 0
=[U(')"1 10 U(;"z] 0 I, 0| |0 I
e 0 0 0 Ve O
v 0| | Vin
A
£ {Umn Ul [ 0 0] [V;a
= UmnEmVn

For convenience, we shall use the following matrices from

now on.
AléUmU;l=BB+, AzéU32U;2=I'—BB+

ViAVmVin=M*M, VoA VipVip=I-M*M

The proof starts from showing the following lemma:
Lemma Al: A specified X >0 is assignable if and only if

(I - B,B, )Q,(I —B,B,;')=0 (A1)
I -M;M)Q,d - M, M,)=0 . (A2)

and there exists an 8;;( = — S;;) and an 8;;(= — S:l) such that

Si le] . [sn - Qin] .
U . Ug =XV, V, A3
B[—le 0 V= g, o |TuX B3
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where
012 & UpQUn,,

Proof of Lemma Al: A given X >0 is assignable if there
exists a G satisfying Eq. (5), that is,

O A VX 710X "Wy

(BGMX)T + (BGMX)+ Q =0

which requires G to satisfy

BGMX = — %(Q + 95), S§=-5" (Ad)

for some skew-Hermitian matrix S. Equation (A4) has a solu-
tion GMX at least. This gives a necessary condition such that

(I-BB*}Q+S5)=0 (A5)

Similarly, since Eq. (A4) has a solution BG, we get another
necessary condition such that

Q+SX " K-M+*M)=0 (A6)

By multiplying U, from the left and Up from the right, Eq
(AS5) becomes

[0 0:] [Qn‘*’sn Q12+S12:|=0
01 On+8u Qnt+Sxn

where Q; 2 UB,QUB, and §;24 UpSUg (I =1,2; j=1,2).
Since Q5 = Oy, Qs + Sy = 0 means Q,, = 0, that is,

Ug(I — BB *)UgUzQUgUg(I — BB +)Up =0

This is just equivalent to ,
I-BB; 0 [ 0,
0 XAy 0

which yields Eq. (Al). Oy + Sy = 0 with QO = S, = 0 gives
the form of S as follows.

_ Su Quj, .
S‘U"[—Qz‘l O]U"’

In a similar way, from Eq. (A6), we get Eq. (A2) and the
form for S to satisfy as follows.

3y - 0u
O 0

which is the same as in Eq. (A7). This fact gives the third
condition.

To prove sufficiency, suppose that Egs. (AS) and (A6) are
simultaneously satisfied for some S(= - §*). Then identify

APXPC] [1 - Bpo+ 0] =0
0 o]

Su=-5S  (AD

S = XVM[ ]VX,;X, Su= -5,

(I~-BB*)Q+S) X 'I-M*M)X—-(I-BB*)Q+S)

—Q+8)HX"I-M*M)X=0
holds and this is equivalent to

BB*(Q+S) X M*MX=Q+S8

which is no other than the condition for solvability of Eq.
(Ad). (QED)

From now on we prove that the condition (A3) in Lemma
A1l can be equivalently exchanged for condition (8) or (9) in
Theorem 1.

Equation (A3) can be rewritten as

Sl] 0 U;l _
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where

Sod — QX 'V X + X VX 'Q — Q4 + 8,0(= — 8p)
which can be derived by using the relation Qy, = Ug,QUp, =0
and Q= VX ~'OX ~ W)z = 0. It should be noted that

V,X 18, 04, = 0. By premultiplying Uy and postmultiplying
Ug to Eq. (A8), we get

rrol,. 10 )
XSX| I 0| =UsSoUs (A9)
0 I

where

) 7 0 ) Si 0_ 0
X = * > S = 0 — Su 0
0 VuXUg

Equation (A9) has a skew-Hermitian solution § and all of the
solutions are represented by

I I 0

I 10l+[r 1o
+Z-
[001} [001]2

§=X)! [

I o]+
x |I 0 X1
0 7
wml 0
- 1 1
@)Y | wr o U;SQUB[/’I Al O]
0o o0 I
0 I
ANDI (-1VDI 0] [ 0 Z 0
+ | Qv AN 0 -Z; Z, Z
0 0 I 0 -Z; 0
VNI AN o
X [ (=N QNI 0] (X! (A10)
0 0 I

where Z is an arbitrary skew-Hermitian matrix and Z, is also
an arbitrary skew-Hermitian matrix such that the 1-2th, 1-3th,
3-2th and 3-3th blocks corresponding to the portion of § are
zero matrices. This requires the following restriction to Z,,,
Zy, and Zy3:

00
I 00
[ }(right side of Eq. (A10)} I 0| =0
0 0 7
0 I
which can be written down as
00
5 1 ., wl 0
V2 -1 0Z|I1 0 “EUBPSQUB[/:) I] (All)
0 I
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00
" 0 I .
VMzX“UB[O 0 2]2 I0
0 I
* wl 0 Wl 0
= — VipX U, 3SoU, Al2
M2 B[ 0 I]UBSQ B[ 0 I] (Al2)

where Z is a skew-Hermitian matrix such as

[ 0 an2)z, 0
Z=(-INDZ; W(@Z-Z +2Z) (1V2)Z,
i 0 (- 12z 0
[T 0 0 0 Z, 0
= | AN QNI 0 -z, Z, Z,
| o 0 I 0 -2Z; 0
1 avdr o
X {0 (/NI 0
0 0 I

Only for convenience, we now put

I 0
5 01 0], P
Z,é[o 0 I]Z 0 0((=-2))
o 7
- Wl o), Wl 0 -
Sl-A—[ 0 I] UBSQUB[ 0 l] = =5y

and rewrite Eq. (A12) equivalently as
VipX ~'Us(Zy + SHUpX ~' =0 (A13)
It can be seen by modifying the results in Ref. 6 that Eq. (A13)
has a skew-Hermitian solution Z, + §; and the general solu-
tions are given as
Zl + g] = U;XV,Szvl.XUB
which yields

[ Va(Z, - Z; + Zy) (1/\/5)23]
(- 122, 0

= ~ 8§+ UpXV,8; V., XUz (Al4)

where Sz is an arbitrary skew-Hermitian matrix such that

UpX V182 V1 XUp, = Ug,SoUp (Al5)

from the reason why the 2-2th block of the right side must be
zero. By substituting the value of [V4(Z, — Z; + Z,) (1/V2)Z;]
in Eq. (A14) into Eq. (Al1), we get

val o]

\/7[21 0] = - U;lSQUB [ 0 I

+ Up X V182V, XUp (A16)

which requires that Sz also must make the 1-2th block of the
right side of Eq. (A16) zero, that is,

UnX V182 V1 XUg = Uy SoUs, (A17)
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Hence, we can find some § satisfying Eq. (A9) if and only if
there exists some skew-Hermitian matrix Sz such that both
Egs. (A15) and (A17) or, equivalently,

X VS7V XUp = SoUp, (A18)

holds. Then, the S is given from Egs. (A10), (A14), and (A16)
as

Up(Sp — X V152 V1.X)Up 0 0
§= 0 VinSzVan 0 { (A19)
0 0 0

The solvability of Eq. (A18), which is equivalent to condi-
tion (8) in Theorem 1, is provided in the following Lemma.
Lemma A2: The linear equation (A18) has a skew-Hermi-
tian solution Sz 1) if and only if
Vi X-1QA(I -T*T) =0 (A20)
in which case a general skew-Hermitian solution is
Sz = VIX_ISQA2F+ + (IH')'AzSQX_lVl
—(C*) 280+ + VR Z T+ — (VL Z T+
+ (I -TT*)S,(I -TT*) (A21)

where Z; is an arbitrary matrix and S; is an arbitrary skew-
Hermitian matrix, or, equivalently, 2) if and only if

(I-LL*)V.X"!10A =0 (A22)
in which case a general skew-Hermitian solution is
Sz =V X (Sg+ A SLADX "1V + S — V15,V (A23a)
Sy 2 —ASpX “1W, Lt — (L) Vo X " 1804
+ (LY VX TISoX T IVLL Y + AZoL * — (A ZoL *)°
+ (I —LL*)S(I—-LL*) (A23b)

where S; and S, are arbitrary skew-Hermitian matrices, and Z,
is an arbitrary matrix.

Proof of Lemma A2: We first prove part 1. Premultiply-
ing Eq. (A18) by a nonsingular matrix ¥ X ~! gives

[ VinSz leum] B [ VinX = SoUn,
0 V;,ZX - ISQUBZ

in which the second equation is always satisfied and the first
one can be rewritten as

VanSz V1 X [0 Upl = VX ~'So[0 Upl

Postmultiplying by a nonsingular matrix Uy, we get

VanSzl' = VipX ~ S04, (A24)

which is equivalent to Eq. (A18). A necessary condition for
this equation to have a solution is

VX 1808, -T*I) =0 (A25)

which yields Eq. (A20) by substituting Sg defined in Eq. (A8).
To give a general skew-Hermitian solution to Eq. (A24), we
first observe that the following skew-Hermitian matrix S7
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satisfies’ Eq. (A24) being a special solution subject to Eq.
(A25):

Sg = VIX—ISQA2F+ + (I‘+)‘A28QX_IV1

~ (T +)AsSpAT* (A26)
in which the identity AZSQAZ = A X VX ~ 15,4, can help to
see. Now we may consider a solution to a homogeneous equa-
tion
VinSET =0 (A27)

To be consistent, Eq. (A27) requires that SZT should be of the
form

SHT = v,ZH (A28)
where Z# is an arbitrary matrix. Moreover, in order that this
equation has a skew-Hermitian solution S#, the matrix Z#
must satisfy V,ZH(I —T+T)=0 and I"V,Z7(=T"SFT) is
skew-Hermitian. Therefore, Z* should be given as

ZH=Zy— v, ZI -T+T)

with an arbitrary matrix Z, and then a general skew-Hermitian
solution S¥ to Eq. (A28) is

SH = v,ZiT* —(V2Z, T ) + (I —-TT+)Se(I —TT+) (A29)

where S, is an arbitrary skew-Hermitian matrix, which can be
derived by referring the results in Ref. 7. Hence, a general
skew-Hermitian solution S; to Eq. (Al8) is given as
Sz = 85 + S¥ with S5 in Eq. (A26) and S# in Eq. (A29).
Next, we show the proof of part 2. The matrix v S, V,
satisfying Eq. (A18) should be represented as
VSV =X~ I(SQ + A S ADX - 1 (A30)
where S; is an appropriate skew-Hermitian matrix such that
Eq. (A30) has a skew-Hermitian solution Sz, which requires

X~ I(SQ + AlSLAl)X‘l

= VIX_ ](SQ + A,SLAI)X“Vl (A31)
or, equivalently, '
V. X~ l(SQ + A1SLA1) =0 (A32)

which can be derived by premultiplying both sides of Eq.
(A31) by V,;. A necessary condition for Eq. (A31) to have a
skew-Hermitian solution S; is described in

(I—-LL*)V X" lSQ =0
because V,X ~!SpA; = V,X 1Sy, which is equivalent to
condition (A22). Under this condition, a general skew-Hermi-

tian solution S; to Eq. (A31) can be derived in a similar way
_to the case of Eq. (A24), as

St = —L* VX 18pA; — ASpX T V(LY
+ L+ VX 1SX " 1VL ) + LY ZoA,
—(L*ZyA)' ' +(I —L*L)SI —L*L)
where Z, and S are matrices denoted in Lemma A2. And then

the solution Sz to Eq. (A18) can be immediately given in Eq.
(A23). (QED)
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Appendix B: Proof of Theorem 2

Recall Eq. (A4) and suppose that every condition in Theo-
rem 1 is satisfied. Then Eq. (A4) with Oy =85»1=0,
Q1 + 821 =0, and Sy, in Eq. (A19) becomes

BGMX = — 1/2[A1QA1 + ZAIQAZ
+ A((Sg — X V182V X)A(]
= — WB[AQA + 24,04,

+SQ—XV1SZV1X] (Bl)

In the case of S given in Eq. (A21) of Lemma Al,
ViSz V1= V[ —20XA,T+ + QIT+ +2(T *)° A, X0
+( -TT*)S,(I -TT*H)v, - THTQ
— (@) AQXTT* +IT* X ~1QA, I (B2)
since
VX 1SgA Tt = = Vi X-IQQRI - X1V, X VIt
and

(T ) 28041 = ([ ) AQX 7'V, X — XV X ~'Q)A T

By substituting Eq. (B2) into Eq. (i%l), we have
BGMX = — A[Q — QX "1V, X + XV, X ~1Q]
+ WXV [-®+d1V X
+ VXV -TTH)SI ~TT*)Vv.X
to which a general solution can be given immediately as Eq.
(11) in the theorem with § = 148

A controller gain G in Eq. (13) can be derived in the similar
way by using Sz in Eq. (A23) of Lemma Al.

Appendix C: Proof of Lemma 1
The controllability of the pair (4 + BGM, D) means

rank[4 + BGM —sI D]=n, + n,,vseC

which can be rewritten as

rank[A + BGM —sI D] =n, + n;,¥s€C —J (C1)

rank[4 + BGM —sI D] = n, + n,,vseJ (€

where C denotes the set of all complex numbers and J denotes
the jw axis. We will first show that Eq. (C1) is always satisfied
when Eq. (5) holds. If there exists an so€C — J such that Eq.
(C1) is not valid, then we can choose a vector x( # 0) corre-
sponding to s, satisfying

XA +BGM)=s5x',  x'D=0
Then, from Eq. (5) we get
0=x"X(4 + BGM)'x + x"(A + BGM)Xx + x"DWD"x
= 2Re(sp)x " Xx
which requires Re(sg) = 0 because X > 0. This is the contradic-

tion. Therefore, only condition (C2) is required for the con-
trollability of the pair (4 + BGM, D).
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By expanding Eq. (C2) as

ank A, + B,GM, -sl, B,C. D,
BM, A.—sl,, 0
A, — sl
L. BG. B || T O Ds
= rank 0" B A 1T l» 0 0
¢ € e 0 I, ©
| (©3)
we can see from Sylvester’s formula on matrix rank that
I, B,G B,C,
rank[ (’;" z ) i A i’_ SCI"J =ny +n, vseJ (C4)
and
A, —sl,, 0 D,
rank M, 0 =n,+n; +n, vseJ (C5)

0
0 I, O

(4

are sufficient conditions for Eq. (C2) to be satisfied. Equa-
tions (C4) and (C5) readily yield the conditions for Eqs. (15)
and (16).
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